





APPLICATIONS OF GENERALIZED RADON TRANSFORM 581

We denote by [s, @] elements of # =(R'xS"")/Z,. For given xe X let Y,
be the set of all hypersurfaces from the family % passing through the point x € X,

Y, ={{¢(x, w), v]e X|we S"'}.

In order to have double fibration (see [3]), two conditions must be satisfied:
(v) if H;, = H; -, then [s, o]=[s", ®'].
(vi) if Y, =Y., then x=x".

In our case, (v) and (vi) are conseguences ng conditions (iif). ‘iv\ and the |

implicit function theorem.

Now we can introduce the generalized Radon transform R and its dual R*.
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(1.1) (Ru)([s, w])=J. u(x)a(x, w)Q,
HS.LU
where () is the diﬂ"érential form
n 00 (x, w)/ax! . )
¢ 1_2 Q: —1-’1—.__’__—'...dl P j=1 d1+l . d".
(1.2) j;'( ) V.6 (x )P X" A AT AdxT A A dx

The differential form () has been chosen to satisfy the following identity
1.3) dp(x, 0)AQ=dx'n+-ndx".

The density a(x, w) in (1.1) is a positive function on X XS"~'. We assume that

the density a(x, @) belongs to C*(X x S"™') and satisfies the condition a(x, w) =
a(x, —w).
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Remark. _In further arguments we shall deglwjthamnlitndes A(x v 6) which N
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can write (3.1) as

(3.3) F=R*KR.

Mg aamsa Pmtmn — oo wmaca o a o

THeoREM 1. The Fourier integral operator F in (2.1) can be factored into the |
form (3.3), where R is the generalized Radon transform (1.1), R* its dual (14),

P K is the gpezgior with the kernel (3.2

Theorem 1 is a generalization of Theorem 1.1 of [12].

4. Inversion of the Generalized Radon Transform

In this section we prove that the operator F in (2.1) is a pseudo-differential o |
Nnnaratr~rt Flw-nar wra chavr thot rivan fuaratinea LS 0 ond ~/+ i! E‘jﬁ rT ’] Pyr\ i ) !

can define the density b(y, @) in (1.4) and the function U(r), so that the operator

F will be “almost” the identity (up to a less singular operator). »
Condition (iii) implies that F maps Cg(X) continuously into C7(X). It also

implies that the map defined by the integral in (2.1) can be extended as a

continuous operator

F:&(X)~» 2'(X),

where @'(X) is the space of distributions on X (the dual of Cg(X)) and €'(X)
is the space of distributions with compact support (the dual of C*(X)). We shall
say that an operator is regularizing if it maps €'(X) into C*(X).

Let £™(X) be the class of standard pseudo-differential operators of order m.
The Fourier integral operator belongs to £™(X) if it has phase function

;YA Mkas 2 Q .T-“flkjgvu—.a/_-. N s "YU Y w Y 0N . -

.
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Proof: We can always find a function x.(x,y)e C®(X xX) such that
0=y.=1 and

xe(xy)=1 if |x—y|<ie,
X(x,y)=0 if [x—y[>e¢,

for £ >0. We can write the operator F as a sum F=F, +15, where

(Feu)(y) = J J e"PCFDA(x, y, 0)x.(x, y)u(x) dx d,
R" J X

Qm)"
and
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where
o(t, 5, @)= (R} u(t, x))(s, w),
for N=0,1,2,-
The relatlon in (7 10) means that the second-order elliptic differential operator

L can be represented by the operator a2 (up to a smoothing operator) in a domain,
- — T T s g n.an_g&.;j_—ﬂ&ﬁ_t:ﬂ“npnrmlﬂ N _In

densities a,, a,, - - - are solutions of the transport equations (7.9).
4? L] g b - ol d 3 it _hmoauo sotecthet tha ranracantatinne (7 R)







596 GREGORY BEYLKIN

and

(RSMu)(s, w) = J , u(x) sinh (ux-0*)6(s — x+ @) dx.

R

We introduce dual transforms R¥*" and R¥°¢ as
(RE "0, )(y) = J cosh (uy- @ )v.(s, ®)|s=y.. do,
|w|=1
and

(RE“v_)(y)= J sinh (uy- 0 *)v_(s, )=, do,
w|

ool =1

where the functions v, and v_ satisfy the relations v.(s, )= v.(—s, —w) and
v_(s, w)=—v_(~s5, —w).
We consider the pseudo-diﬂerential operator F,,

(8-8) - (Fau)(n)= @) J-fcosh (,u(x—y)’-%) e’ ™™y (x) dx db,

where 6+ is the vector orthogonal to the vector 9: 6+ =(- 02, 8,). The operator
F, can be written as F, = F, — F,_, where

o+ 0+
= 5 | | cosh{ ux-=—) cosh { uy =08y (x) dx de,
@m) ,[ J ( @) ( |0|>

(Fi

and

(F u)(y)= Oy J'J‘ sinh( |00|) smh< |00L|) e "u(x) dx de.

It is easy to verify that Theorem 1 holds for the operators F,, and F,. Thus, we
obtain
F: — R:I:,evenKR;Ven

and
F— — R*,oddKRO'dd-

The operator K has the generalized kernel described in (8.6).

N DS T L

LEMMA 3.

I(p, x)= Py J' (COS‘I(#X'%)—I) e“'§d§—2 P |II(M|xDs

where I, is the modified Bessel function of order one.
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